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Abstract

We present a complete description of the classical (Lie) symmetries of a coupled
system of partial differential equations comprising a pair of semilinear reaction—
diffusion equations with constant diffusivities and arbitrary nonlinearities in the
reaction terms, in any number of spatial dimensions. Part I (Cherniha R M and
King J R 2000 J. Phys. A: Math. Gen. 33267-82,7839-41) addressed the case
of unequal diffusivities; here we complete the analysis by treating the case of
equal diffusivities in which the symmetry structure is richer still. Such models
arise in the description of numerous physical, chemical and biological systems
and we also indicate the possible application in such contexts of some of the
specific cases arising from the group classification. Specifically, a variety of
Lie’s ansdtze and exact solutions of the so-called A — w reaction—diffusion
systems, of a type that arises in mathematical biology, are constructed.

PACS numbers: 02.20.—a, 02.30.Jr, 05.45.—a

1. Introduction

This paper, which concludes the analysis commenced in [1], is devoted to consideration of
nonlinear reaction—diffusion systems of the form

MU =AU+ F(U,V) )
MVi=AV+GWU,V)

in the case 1| = A, # 0. Without losing generality, we can set A; = 1, so we consider
U =AU+FU,V) @)
Vi=AV+GU,V).
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Here F and G are arbitrary smooth functions, U = U(t,x),V = V(t, x) are unknown
functions of n + 1 variables ¢, x = (x1, ..., x,), A is the Laplacian, and the ¢ subscript to the
functions U and V denotes differentiation with respect to this variable.

In section 2, the classical Lie scheme is applied to find all possible Lie symmetries which
the system (2) can admit. The main results of this section are presented in tables 1-4. In
particular, it is established that, among the class (1), the special case (2) is highly non-generic
from the algebraic-theoretical point of view. Thus, in contrast to systems of the form (1) with
A1 # Ao, there are many pairs of nonlinearities (£, G) leading to entirely new types of Lie
symmetries in the case A} = A;.

In section 3, (1 + 1)-dimensional A — w reaction—diffusion systems (see [2], for example,
for background) of the form

{Ut =AU +p®(B1U — V) + BroU — BV

Vi = AV + p*(BU + B1V) + BooU + BroV ©

are considered. Here ap, B, Bro. k = 1,2, are real parameters and p> = U? + V2. This
system with op = 2 has been widely studied using qualitative and numerical methods (see,
for example, [3], [4] and [2], chapter 12). The results of section 2 establish that this system
admits a non-trivial Lie symmetry when 8o = 0. All nonequivalent Lie ansétze are presented,
together with formulae for the generation of new solutions from existing ones and examples
of exact solutions.

Finally, in section 4 discussion of the results obtained here and in [1] is presented.

2. Lie symmetries of system (2)

Hereinafter the invariance algebra A E(1.n) generated by the operators P,, J,» and P; (defined
in [1]) is again called the trivial Lie algebra of the systems under consideration. Thus, we
aim to find all pairs of functions (F, G) that lead to extensions of the trivial Lie algebra of the
nonlinear system (2).

It should be stressed that for many reaction—diffusion (RD) systems of the form (2), the
relevant Lie algebras can be obtained from those for A; # A, # 0 (see tables 1, 3—6 in [1])
by formally setting A; = A, = 1. However, we also have the following: (a) cases 3,4 and 9,
table 1, case 15, table 3, case 9, table 5 and case 9, table 6 of [1] have to be considered
separately for A; = X, = 1 because the relevant nonlinearities and symmetry operators
contain the factors (A — A2) ' and/or A; — As; (b) there are several systems arising in tables
1-6 of [1] which admit additional operators of Lie symmetry when A; = A, = 1 and such
systems therefore need to be listed again here.

Now we remind the reader that the most general form of the infinitesimal operator

X =&%,x, U, V)a, +&°(t,x, U, V)dy, +nV (t,x, U, V)dy + 1" (t,x, U, V)dy )
generating Lie symmetries of the system (2) is given by the following coefficients [1]:

€0 =2A0)

$”=cabxb+A(I)xa+ga(I) a,b=1,....n a#b

y . (5)
nY = =1 (SIXPA@®) + g.(1)xa) U +r'(OU +q"' )V + P (1, x)
n" ==L GIxPAW) + g.(0)xa) V + 2V + q* (U + P2(t, x)
where A(t), g.(t),a = 1,...,n,r%(), g*@t), P*(t,x),k = 1,2 are smooth functions that

need to be determined, ¢, + ¢ = 0,cqp € R, and the dots over the functions denote
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differentiation with respect to the variable r. Simultaneously, these coefficients must satisfy
the so-called classification equations
%—AUU+F(%—%>+G%=UUBF+WV2—€ ©

% —AnV+G<%—%—$)+F% =77U?—G+77V%.
To find all pairs of (F, G) for which the system (2) has a non-trivial Lie symmetry, we have to
construct all non-equivalent solutions of the classification equations (6). It should be stressed
that this is a highly non-trivial problem because (6) are not linear partial differential equations
(PDEs) with respect to the U and V in the usual sense, but PDEs with several additional
unknown functions A(¢), g.(t),a = 1...n, k), g*(t), P*(t, x), k = 1, 2 that play the role
of parameters and have to be determined. Only the cases (ii) ql(t) =0, qz(t) # 0 and
(iii) ¢ (t)g*(t) # 0 need to be considered because the case ¢! (¢) # 0, ¢>(t) = 0 is equivalent
to the case (ii) and the results for the case (i) ¢' (1) = ¢*(¢) = 0 turn out to follow formally
from those in [1] in the manner noted above.

Note that we have listed only locally non-equivalent systems with respect to the relevant
local substitutions, having the form

@)

U— ciiU+ (cip+c1t)V +c3 CXp(C13I)U + cs5t + ¢y
V — (co1 +ct)U + eV + ¢y CXp(023I)V + ¢t + Co0

where the coefficients ¢ with subscripts are determined by the form of the system in question
(see section 4 for further discussion). One can see that the set of substitutions (7) is much
wider than in the case A; # Ay # 0 (see (19) in [1]) because formula (7) contains the terms
(c12 + 1)V and (ca1 + c3t)U. It should be stressed that the set of substitutions (7) contains
the so-called equivalence transformations (in the sense of [5], subsection 2.6) of (2) as a
particular case for ¢; = ¢; = --- = c6. We construct this set of substitutions instead of
equivalence transformations because it gives a much wider range of possibilities for reduction
of the number of RD systems (2) with the same Lie symmetry (see examples in section 4).

Now let us state a theorem which gives complete information on the classical symmetries
of the system (2) under the additional condition that the system contains at least one operator
(4) and (5) with ¢*(t) # 0.

Theorem 1. All possible maximal algebras of invariance (MAI) of the nonlinear system (2)
for any fixed pair of functions (F, G) are presented in tables 1-4. Any other system of the
form (2) with non-trivial Lie symmetry can be reduced by a local substitution of the form (7)
to one of those given in the tables.

Sketch of the proof of theorem 1. The proof is similar to that given in [1], so we present
only the main steps here.
Taking into account (5), one sees that the most non-trivial symmetry can occur when

E = Jx[PA(t) + ga(t)xq # 0. (8)

Substituting coefficients (5) into (6) and solving the system obtained using the restriction (8),
it can be established that the most general forms of such systems coincide with those presented
in [1] (see table 1, cases 1 and 6, with A; = A, = 1) and contain arbitrary smooth functions
f(V/U) and g(V/U). In other words, we obtain either Galilei-invariant systems or pseudo-
Galilean-invariant systems with the same representation. However, finding all systems with
possible extensions of these two invariance algebras, we arrive at several new RD systems of
the form (2) with Lie symmetries which do not occur in the case A; # Ay # 0. These systems
and the corresponding Lie symmetries are listed in table 1.
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Table 1. Galilei-invariant and pseudo-Galilean-invariant systems of the form (2).

SI no Nonlinearities (F, G) Restrictions Basic operators of MAI
1 BV B2 # B AE(l.n), Q =Udy + Vay
Gy=tPi—%Qa=1,...,n
Doz = Doo — 2V oy
BY: M =D — 129, — $IxPQ
n B 1
—t (21 + /32*]/31) o+ Pr1—B2 Udy
2 BV B #0 AE(l.n), Q,Ggoa=1,...,n
2
B Doa, Yg, = B11Q +Udy
3 ;0% Bifar #0 AE(ln), Q,Gga=1,...,n, Y,
2
B+ BuU
4 BV Brag #0 Q,Gg,a=1,...,n,
2
B+ BuU +apV Q, = explaot)(B1 Q +apUdy)
5 BoU + BV + U logU Bop1 # 0 AE(L.n), Qp, = exp(Bot) O
2
BioV + B2 U + b1 %2 + BoV log U Ga = exp(Bot) (2 — 4, 0)
_ 1 __B
a=1,...,n, anty = ﬁ(l)
6 BroU + 1V + BoU log U BoBi #0 AE(In), Qpy, Gava=1,....n
2
BaoV +B2U + b1 - + BoV log U Bao = Bro = o Vg, = exp(Bon) Y,
7 BroU + 1V + BoU log U BoB1 #0 AE(I.n), Qpy, Gava=1,....n
2
BV +BarU +Bi Y%+ BoV logU B20 — Bro # Bo expl(B20 — Bio)t]x
B20 # Bio [B1Q + (B2o — Bio — Bo)Udv]
8 BioU + BoU log U Bo#0 AE(1.n), Q)
,310V+ﬁ21U+,50V10gU Qﬁo,ga,azl,...,n
R;,, with 8 = Bai
9 BioU + BoU log U Bo#0 AE(L.n), Q) with & = a0 — Bio
BooV + iU + foVlogU Bio # B0 Qpy.Gara=1,....n
Boi
(V+ B20—Pio U) dy
10 BLU exp (—1077) AE(l.n), Q = Udy + Vay
(B2U +B1V)exp (o p) yo # 0 Go=1P,—%Qa=1,....n
D}I/O = Dgyo + %Uav
11 exp(=yoW)(B1U + B2 V) n#0 AE(L.n), Q
W=tan’l(%) Gg,a=1,...,n
exp(=pW)(B1V — p2U) D)2 = Doy + o (Udy — Vi)
12 leW+ﬁ10U+ﬁ20V y17é0 AE(I.n),Q,Ga,a=1,...,n
W =tan"! (%) Y12 =110+ (Udy — Viy)
VW + BioV — BaoU
13 MU +pnV)W+ n#0 AE(l.n), Q,Ggoa=1,...,n
BioU + B2V Q)2 = exp(—1)n Q
NV —nl)Ww+ W =tan"' () —nUdy — Viy)]
BV — polU
14 BoUlog p+yUW + Bo #0 AE(1.n), Qg
BoU + BV Ga,a=1,...,n
BoVlogp+nVW+ pP=U+V? 025 =10+ poUdy —Vay)
BioV — Pl W =tn™! (g)
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Table 1. (Continued.)

Sl no Nonlinearities (F, G) Restrictions Basic operators of MAI

15 BoUlog p+ (iU + V)W + Bo £ 0 AE(1.n), Qpy, Gasa=1,..., n
BioU + BV Bo# =7
BoVlogp+(V — U)W+ pr=U*+V? Q)24 =exp(=p0)[n Q —
BioV — BaoU W =tan~! (%) (Bo+y2)(Udy — Vay)l

16 BoUlog p+ (11U + V)W + Bo £ 0 AE(1.n), Qpy, Gava=1,..., n
BroU + BV Bo=—n Y12 = exp(Bon)n1Q +
BoViogp+(nV — U)W+ p?=U?+V? (Uay — Vay)]
BroV — paoU W =tan"!(g)

Let us clarify how all possible extensions of the Lie symmetry of the Galilei-invariant
system

{U, = AU +Uf () ©)

Vi=AV +Vg(w) w=V/U

were obtained (see nos 1-4 and 10-13 in table 1). Substituting coefficients (5) and the functions
F = Uf, G = Vg into (6), we obtain two expressions which form an ODE system for the
functions f () and g(w) depending on the variable w and the functions A, r*, g*, P* k= 1,2
depending on the variable 7 (the system is omitted here because of its awkwardness). Since
system (9) is invariant under the Galilei algebra, the two expressions obtained are identically
satisfied by the coefficients (5) for

A =dy 8a = guot +d, a=1,2,...,n
k k k (10)

r=ry q" =P =0 k=1,2
(hereafter dy, ro,d,, ga0,a = 1,2,...,n are arbitrary parameters corresponding to the
operators P;, Q, P,, G,,a = 1,2,...,n, respectively). To find all possible systems with
a wider Lie symmetry, we have to obtain the solutions to the two expressions which involve a
more general form of functions A, g,,a =1,2,...,n, rk, qk, Pk k =1, 2 than (10). In the
general case we can split them into separate parts for the terms in |x|> and x,,a = 1,2, ..., n
(see nV, 1V in (5)); we thus find the most general forms of the functions to be

A(t):%et2+A1t+d0 8a = guot +d, a=1,2,...,n an

P(t,x) = pr@) k=1,2
where e and A, are arbitrary parameters, p'(¢) and p*(z) are arbitrary smooth functions.
Simultaneously, we obtain the system of equations
i glo+ "2—6 + 5]'7‘ + (' — Qet +24) f +q'wg
= (r1 +qla)+ %pl) (f —of,) + (r2w+q2+ %pz) Jfo

f2+%2+%+%p2+(r2—(2et+2A1))g+%f 12)

= (r2 + % + %pz) (g +wgw) — (rla) +qla)2 + %pla)z) Lo
Since the unknown functions f(w) and g(w) do not depend separately on U and V, one

can again split the system (12) into separate parts, for % and &, and obtain the following
systems of ODEs

{(p2 —wp) fo+p'f =P

I
(p* — wpHwg, + p*g = p* (13
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(@* = q'@* + (2 = Do) f, + Qet + 241 +q o) [ —q'wg = F' +¢'w+
N . 14
(qz—q'a)2+(r2—r')a))gw+(2et+2A]+Z}—2>g—%f=i’2+§+% (14)

for the functions f (w), g(w) and r*(¢), g*(t), p* (1), k =1, 2.
It can be seen that system (13) is identically satisfied by p' = p? = 0. On the other hand,
solving the subsystem in the case p' # 0 or p> # 0, we arrive at the functions

f=a10+a11a) g=a20+a22w_1 (]5)

where oo, axr, kK = 1, 2 are constants. Obviously, substituting (15) into (9) will result in a
linear RD system. So, we must put p! = p?> = 0 and then only system (14) needs to be
solved. In a natural way the three distinct cases mentioned above appear: (i) ¢! = ¢ = 0; (ii)
g' =0,q* # 0; (iii) g'¢* # 0. In case (i), system (14) is not coupled, therefore its solution
is quite similar to that for the general case A; # Ay, A1 Ay # 0 [1]. The relevant computations
were done for A; = A, = 1| and the systems and the relevant MAI (see cases 1, 2, 4 and 5 in
table 1 of [1]) were found thereby. We have established that the operator Y (see case 4) takes
a distinct form, namely ¥ = Udy — Vay — 28pt (Udy + Vo).

Consider now the second case. Since ¢! = 0, the first equation of the system (14) can be
separately integrated and one finds

PR e c=h=0 (16)
w) = i ine
Brexp (294 w) + 52 et + Ay #0
ifr! = r2, and
=1 2
’—llog|a)+,q—l|+co e=A;=0
floy={7 . (a7
Bi(w+ 750) " + oS d=2F70 #0

if r' £ r? (hereafter co, B1, 0 # d are arbitrary constants).
It can be observed that the system (9) with an arbitrary function with a constant term, i.e.
f(w) = fo(w) + cp, is reduced to the same one with ¢y = 0 using the local substitution

U — exp(cot)U V — exp(cot)V. (18)

So, without losing generality, we will assume that ¢y or its analogues vanish in (16) and (17).

Taking into account the substitution noted above, we obtain f = Bjw, f; = ;—; #+ 0 (see
(16) for e = A; = 0). A special case 8; = 0 leads to a linear RD system so that we do
not consider it. Substituting the function f into the second equation of (14), we arrive at the
equation

1 il
gw+58=2,31+’.,—1;- (19)

Since the left-hand side of (19) does not depend on the variable ¢, there are only the following

two possibilities

rl _ {ro exp(aot) + oo o) ;é 0 (20)

rot + roo g =0

for the function r! (¢) in the right-hand side of (19). Having (20), one finds the general solution
of (19) in the form

g =pio+puo ' +a 2D

(in formulae (19) and (21) rg, roo, @0, B1, P21 are arbitrary constants).
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Substituting the found functions f and g into the RD system (9) and r! = r2,¢' = 0,
q2 = /’3—11 into (4) and (5), the systems and the relevant MAI listed in cases 3 and 4, table 1, are
obtained.

Considering (16) for et + A} # 0, one obtains

et + Ay 1
f (@) = Brexp(—yow) PR #0 i+ne/2=0. (22)

Substituting the function f from (22) into the second equation of (14), we arrive at the equation

1\ B
8wt (J/O + ;) 8= > exp(—yow) + mo (23)

The left-hand side of (19) again does not depend on the variable ¢, therefore the restriction

e = 0 springs up which leads immediately to r' = r> = ry, g> = 2A,/yy. We can now easily
solve the equation and find the function

g(@) = exp(—yow) <ﬂ1 + %) (24)

where rq, Y0, A1, B1, B2 are arbitrary constants. Substituting the found functions f and g into
the RD system (9) and rk, q", k = 1,2 into (4) and (5), the system and the relevant MAI listed
in case 10, table 1, are obtained.

Similarly, the formula (17) for e = A; = 0 has been analysed and the functions

f(@) = prlog(w +y)

(25)
(@) = <,32+ y(B2— B1)

>log(a)+y)+y—'30+,30
w w

in which y # 0, Bo, 81, B2 are arbitrary constants, and the relevant operators of MAI were

found. However, the RD system (9) with the nonlinearities (25) and the relevant MAI are
reduced by the substitution

U—U V—>V—-yU (26)

to the systems and MAI listed in cases 4 or S5, table 1 of [I]
(at A; = X, = 1) that have been found above in the case (i).

Finally consider (17) at er + A| # 0. It should be stressed that the case d = —1 is special
because it leads to the linear function

B pg®  il+ne/2
f@)=hot e S o Ay

Again we can suppress the constant term in (27) and, taking into account the expression for
d = —1in (17), therefore we find

27)

flw) = pio Big* =i +ne/2 rr—rl = 2(et + Ay). (28)
Having (28), the second equation of (14) can be reduced to the form
_ o) _2 2 b o0l
P Al Ry Pry —2eG"—r) 470" —r) (29)
wo(y +w) y+w wo(y +w)

where y = y(t) = ¢?(+r> —r")~!. Thisis a linear first-order ODE with respect to the function
g(w) and its general solution can be easily constructed:

w

2ip P
e+q°(Ba ,31)<2+V)_(r2q (30)

§(@) = pro+ — 2 e
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Since the left-hand side of (30) does not depend on the variable ¢, the expression on the
right-hand side must be a function of the variable @ but not of . It is convenient to consider
two cases:

e+q* (Pr—B1) =0 31)
and
e+q*(Br— B1) #0. (32)

Analysis of the first of them leads to the function g(w) = Brw. Simultaneously, the following
functions are obtained:

2 € 1 Bi n) 2 1
= r= — = )et+r re=r —2t+ A (33)
1 Br— B2 <,31—,32 2 0 1
if B1 # B, and
q2=qO I’] :,quOt+l’0 }"2:1’] —2A] A(I)=A1t+d0 (34)
if B = po.

Thus, substituting the found functions f and g into the RD system (9) and expressions
(33) and (34) into (4) and (5), the systems and the relevant MAI listed in cases 1 and 2,
table 1, respectively, are obtained.

Analysis of the second case (see condition (32)) leads to the function

B
(B2 — Brw
and the relevant expressions for the functions r¥ and qk, k = 1, 2. It turns out that the RD
system (9) with the reaction terms (28) and (35) and the relevant MAI are reduced to the same

as those for By = 0, therefore the system and the MALI listed in case 1, table 1, are again

obtained. One can easily check this by applying first the substitution (26) for y = ﬂﬁ’ﬂ] and

then (18) for ¢y = ﬂﬂ(ﬁéo' So, condition (32) leads to the RD system and Lie symmetry that
are locally equivalent to those found earlier.
To complete the examination of case (ii), formula (17) with e + A} # O and d # —1

should be analysed. After similar computations we obtain

f@) =piw+y)™ (36)
y =q*r* —rH! il +ne/2=0 dir* =r'y =2t +A) (37)

g(w) = Pow +2pp + (33)

instead of (28). Taking into account formulae (36) and (37), the second equation of (14) can
be reduced to the form

+d 22 — N1 524 ne/2
()/+a))gw+y Do = Py +q r r) +r ne/ . (38)
w(y +w)? 1) rz—rl
In contrast to (29), y is a constant in (36)—(38) so the condition ¢ = 0 and the functions
2y A 2A
7 = ”d Corl=n Pl T A =Antd (39)
are obtained. Substituting (39) into (38), we find its general solution:
— +
glw) = LU fao (40)

oy +w)!
However, the RD system (9) with the nonlinearities (36) and (40) and the relevant MAI
are reduced by substitution (26) to the system and MALI listed in case 2, table 1 of [1] (at
A1 = A2 = 1) that have already been found in the case (i).
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The investigation of case (ii) is now completed. Note that substitutions (18) and (26)
belonging to the set (7) were simultaneously found.

In complete analogy with case (ii), we have analysed the last case, (iii), and found the
systems and MAI listed in cases 11-13, table 1. Simultaneously the relevant local substitutions
of the form (7) were found.

If the restriction (8) does not apply, i.e. if E = 0, then (5) takes the form

£0 =24t +dy
EC = copxp + A1x, + d, a,b=1,...,n a#b
U_ .1 1 I (41)
n =r@®U+q @)V +P(tx)
n" =r*@)V +q*t)U + P(t, x)
where Ay, dy, dy, . . ., d, are arbitrary parameters. In this case it can be shown that
Pra,x)=pf0) k=12 (42)
holds for any system of the form (2), except for the system
U =AU U
=AU+ [(U) )
Vi=AV +BV +g(U)

where f and g are arbitrary functions and 8 € R. Of course, using the set (7) of local
substitutions, this system can be rewritten in other forms but we do not give all the locally
equivalent systems only write one of them.

System (43) is invariant with respect to the additional Lie symmetry operator Xg° =
Pg(t, x)dy or X§° = Py(t, x)dy (the functions Pg (¢, x) and Py(z, x) are specified in remark 1
below). All possible pairs of functions ( f, g) leading to extensions to the Lie symmetry of
(43) have been found (see cases 4, 7, 8, 10, 16—-18, 20-26 in table 3, and cases 14-24 in
table 4).

Consider the general case, i.e. when (2) does not coincide with (43). Substituting (41)
and (42) into the classification equations (6) we arrive at

i’](t)U +q'(t)V + p‘(t) + F(r‘(t) —2A))+ Gq'(t)
=r'OU+q" OV + p () + POV +q*(OU + p*(1) 2
POV +¢20OU + p>(t) + G (1) —2A) + Fg*(1)
= ' OU+q'" OV +p' ) + (2 (O)V +q*O)U + p* (1)) 25.

(44)

To find all pairs of (F, G) for which the system (2) (with structures other than those already
found) has a non-trivial Lie symmetry, we have to construct all non-equivalent solutions of the
linear system (44), which is much simpler than the system (6) with coefficients (5) because it
contains as parameters the functions 7*(¢), ¢* (t), p*(t), depending only on one variable.

Consider case (iii), ¢'(t)g*(t) # 0. It turns out that the system (44) has non-vanishing
solutions leading to non-trivial Lie symmetries only in the case r'(t) = r?(t),q'(t) +
g*(t) = 0. Taking into account this fact, system (44) has been solved using the ‘polar’
coordinates p? = U2 + V2, W = tan~!(V/U). All possible pairs of (F, G) and the relevant
coefficients 7 (¢), g*(¢), p*(¢), k = 1, 2 have been found and the results are summarized in
table 2.

In case (ii), ¢' () = 0, g*(t) # 0, the first equation of system (44) contains no function
G and can be solved independently from the second, so the technique from [1] can be used
to find F and the relevant coefficients g2(t), 7*(¢), p*(¢), k = 1,2. Having obtained a list
of these functions, the corresponding functions G are found from the second equation. The
results are summarized in tables 3 and 4.

The sketch of the proof is now completed.
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Table 2. Case (i) ¢ (1)g>(1) # 0.

SIno Nonlinearities (F, G) Restrictions Basic operators of MAI
1 exp(=W)(Uf (@) + Vg(@) 0 #0 AE(Ln), D)2 = Do + 55 %
w = pexp(—y W) (yUdy +yVoy+
exp(—p W) (Vf (@) — Ug(®)) pP=U+V? Udy = Vi)
W= tan! (%)
2 Uf(w)+ Vg(w) o = pexp(—y W) AE(1.n)
V() — Ug(w) p, W—see above O =yQ+Udy —Voy
3 Uf(w)+ Vg(w)+ a#0 AE(1.n)
aWyU—-V) w = pexp(—y W)
Vi(w)—Ug(w)+ p, W—see above QV = exp((xt)Qi,2
aWyV+U)
4 p™ exp(=yaoW)(B1U + B2 V) oy #0 AE(L.n), Q)7
P exp(—yaoW)(B1V — p2U) Doy = Doo — (,%O(Uau + Vi)
5 p™ exp(=yaoW)(B1U + B2 V) + aoBro # 0 AE(L.n), Q)7
BioU + B2V Bio = — Py D}? = Do, —2B201Q)}
p™ exp(—=yaoW)(B1V — BU) +
BioV — BaoU
6 BrU + aV)logp+ (U + V)W + B #0 AE(1.n)
BioU + BaoV Y2 =rn()Q+
BV —pU)logp+(nV — U)W+ qr(1)(Udy — Vay)
BioV — paolU

Remark 1. In tables 24, f(w), g(w) are arbitrary smooth functions, Dy = 2t9; + x,0,, and
Py(t, x) and Pg(t, x) are arbitrary solutions of the linear heat equations

P, =AP (45)
and
P,=AP+BP (46)

the functions r¢ (), gk (1), k = 1, 2 form a fundamental system of solutions of the linear ODE
systems (table 2, case 6)

j—: = pir+yiq i—ct] = —por — g (47)
and (table 3, case 11)

dr dg

Fri Bor + Biq PP (B20 — Bro)q- (48)

Remark 2. Taking into account the nonlinearities listed above in tables 1-4, we note that all
nonlinear systems of the form (2) admitting an MAI generated by the infinitesimal operator
(4), (5) with ¢g*(t) = 0, k = 1, 2 coincide with the following systems previously found in [1]:
1,2,4(withY = Udy — Vay —2Bpt (Udy +Vdy), 5, 6,7 (with B19f20 # 0), 8,9 (with Bo = 0
and the operator exp(ft)U dy instead of the ) in table 1; 1, 2 (with y # 1), 3 (with; # O or
B1 # B2),5,7,8(withy #0),9,11, 13, 16intable 3; 1, 2, 7, 8 (taking into account remark 3),
9, 11 in table 4; 1, 3, 6-8 in table 5; 10 (taking into account remark 4 for o # 0; 1) and 19 in
table 6. In those cases one need only set A = Ay = 1.
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Table 3. Case (i) ¢' () = P'(r, x) = 0, ¢*(t) # 0.

Sl no Nonlinearities (F, G) Restrictions Basic operators of MAI
1 exp(fyo%) Uf(w) w = U exp (7)/%) AE(I.n),D},VO = Do +
exp(—ng) (VF(@ +Ugw) 1w #0 yUdy +yViy + = Udy
2 Uf (w) w=Uexp(-yy) AE(ln),
Vf(w)+Ug(w) 0} =yUdy +yViy +Udy
3 Uf(w) +ayV w=Uexp(-vy) AE(ln),
V() +Ug(w)+ a#0 9}, = exp(anQ),
aV (1 +y %)
4 0 AE(Ln), O}
Ug(U) X§° = Po(t, x)dy
Do = Dy + ZVBV
5 ur) AE(Ln), Q) = Udy
V) I =Voy
6 Uf(U) AE(L.n), Q) = Udy
BU + Vf(U) B#0 R}, = BtUdy — Viy
7 BU B#0 AE(Ln), O}
BV +Ug(U) X3 = Pg(t, x)dy
8 BLU AE(L.n), Q) = exp(at)Udy
Bi+a)V +Ug(U) a#0 X with B = B +«
9 Uf) AE(Ln), Q}
BU +aV + Vf(U) af #0 R, = exp(at)(BtUdy — Vy)
10 Bi AE(Ln), Xg°, B = B2
B2V +Ug(U) B #0 Qp, = exp(Ba)(U — i1)dy
11 BioU + BV + BoU log U y#0 AE(l.n),
2
BV + BarU + B1 ¥ + Bo # Oor Y =n0Q+aq)Udy
(BoV +yU)logU Bi #0
12 LU exp (—ay §) + BroU ay #0 AE(L.n), Q)
2
(B2U + B1V)U* exp (—ay%) + Dl1 = D00+WU3V—
oV + ey 28100t Q)
13 iU Bipra #0 AE(Ln), 0}
BIVU® + BoU% + BogU ag—a#0 D} = Dy — 2(Udy +
ag—1#£0 (g — ) Vay) + 220 tUdy
14 BLUt! B1 #0 AE(Ln), O}
BLVU® + BooU al@—1)#0 D} with ap = R;,, with 8 = B
15 pruet! Bip2 #0 AE(Ln), 0§
ﬁ]VUa+,52U10gU+ﬁ20U a;éO D%=D007§(Uau+
(1 —a)Vay) +2ptUdy
16 iU BB #0 AE(l.n), X§°
U (By + Bao log U) a#0, -1 D;maty:—é’}’o:_%
17 BU BB #0 AE(1.n), 0}
BV + pooU” + 21U a#0,1,2 X5 with f = B

0L, = Udy +aVay + (1 — a)tUdy
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Table 3. (Continued.)

Sl no Nonlinearities (F, G) Restrictions Basic operators of MAI
18 BU B (B2 — B1) #0 AE(Ln), Q) withe = 5 — B
B2V + B U* a#0,1,2 X5 with B = p>
B2 # ap Qu =Udy +aViy
19 p1U? B #0 AE(1.n), Qg, Vv
BvVU R}, +0v with B = B
Doz = Do — 2U oy
20 0 Bao # 0 AE(Ln), Q)
BaoU* a#0,1,2 X5°s Dot Qu
21 Bi BB #0 AE(1.n), Xg°
BaU® + 21U a#0,1,2 Qp = (U — BiD)dy
Di = Do +20), — i1 (1 — )0y
22 BioU y #0 AE(1.n), X3 with B = Bio
BioV + U +yUlogU 0). 0 +ytUdy
D} = Do +2B10t Q + yB1ot*Udy
23 BoU y #0 AE(L.n), X3 with B = Bao
BV +pauU +yUlogU Bio # B Q) with & = B2 — Bro
Q:/ with y — ﬂlo;ﬂzo
24 0 By #0 AE(l.n), X;o with 8 = By
BV +po1U +ylogU Q) with a = By
B2oUdy — (B21U +y)dy
25 0 y #0 AE(Ln), X5°, O}
ylogU Doy, Udy + ytdy
26 Bi yB1 #0 AE(L.n), X3°, Qp,
B U +ylogU D} =Dy +20+

2B21tUdy + 2yt — P21 f11%)dy

Remark 3. We have found that case 9 in table 1 of [1] is also valid for 8¢ = 0 while case 8 in

table 4 of [4] admits the following generalization (see also [7]): the system
A]U;=AU+U(,31+,31010gU+)/110gV) (49)
)»2V, = AV + V(,Bz + ,320 10g V+ yzlog U)

where the arbitrary real parameters S, Bro, Yk, k = 1,2 satisfy A (Bio + yira/A1) #
A (Bao + y2A1/A2) and A1)y # O, is invariant with respect to the MAI {AE(1.n), X, X»}.
Here the operators X, X, are given by Xy = r(1)Udy + qx(t)Vay,k = 1,2, where the
functions 7 (¢), gk (), k = 1,2 form a fundamental system of solutions of the linear ODE
system

dr

dg
_ — . 50
T Bior +v1q i Brog + yor (50)

There are six different forms of solutions of (50), depending on the coefficients y; and By
(k =1, 2) in the system (49).
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Table 4. Case (i) ¢' () = 0, P' (1, x) # 0, ¢*(t) #0.

Sl no Nonlinearities (F, G) Restrictions Basic operators of MAI
1 exp(=yU) f (w) w=aU2+V AE(1.n), D}, = Doo+
exp(—yU)(g(@) — 2aUf(w)) ay #0 (0 = 2aUdy)
2 f () w=aU?+V AE(1.n),
g(w) — 22U f (o) a#0 RY =8y —2aUdy
3 fl)+yU o=aU?+V AE(1.n),
g(@) = 2aUf (@) +2yV ay #0 Ryq = exp(yD Ry,
4 Br(aU? + V)0r03 — g Pr#0orpy#0  AE(Ln). Ry, D§ = Doo—
Bo(aU? + V)®orl —2qU x g #0,-0.5 a—lu (Udy +2Vay +2B10tRY)
(Bi(@U? + v)yr0s — By a#0
5 Bi + Brolog(@U? + V) Bio#0or fr #0 AE(1.n), R}, D}
BovaU? +V —2aU x a#0
(B1 + Brolog(@U? + V)
6 BivaU2+V — Bio afy #0 AE(1.n), R}
Br(@U? + V) —2aU x Udy +2Vady + Brot R}
x(BivaU?+V — Bio)
7 Bi(@U*+V) — Bio apify #0 AE(L.n), R}
Bo(@U? + V) — 20U x exp(Bat) (BiRL + B2dv)
(B1(@U?+V) = Bio)
8 Bi(@U*+V) apy #0 AE(1.n), R}
—2apf U (@U?+V) BitR) +dy
9 B explag(@U? + V) + Bio Bi1#0or By #0 AE(1.n), R}
B2 exp(ag(aU? + V)) — 2aU x aog # 0 D! = Dy — j—aav +2B10t R}
(B1 exp(ao(@U? + V) + Bio)
10 BivVaU2+V +yU + Bro apfry #0 AE(1.n), R},
Ba(@U%+ V) — 20U x y(Udy +2Vdy) + BioR),
(,3]VO!U2+ V + Bio) +2yV
11 Bi(@U?+ V) +yU + Bro apry #0 AE(1.n), R},
BraU? + (B +2y)V — 2aU x Br#—y exp((B2 +21)0) (o5 R + v )
(Bi(@U*+ V) + Bio) B2 # =2y
12 Bi(@U?+ V) +yU + Bro apry #0 AE(1.n), R},
y(V —aU?) —2aU x BIRL, +exp(y1)dy
(Bi(@U*+ V) + Bio)
13 Bi(@U2+V)+yU + o apry #0 AE(1.n), R},
—22U(B1(@U?+ V) +yU + Bio) BIRY — vy
14 BrU B1P2 #0 AE(1.n), Qp, X§° with f = f;
BV + BooU? + B2 U 0L, with @ = 2, exp(By1) x
(B1oy +2B20Udy + B1B211dv)
15 BU B #0 AE(L.n), Q) witha = > — B
X with B = B,
B2V + BaoU? B2 # Bi O with o =2
B2 # 26 exp(Bin) (v + 725 Udy )

21—P2
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Table 4. (Continued.)

Sl no Nonlinearities (F, G) Restrictions Basic operators of MAI
16 AU Bp1 # 0 AE(L.n), Q} witha = B
281V + BaoU? Qq witha =2
exp(Bi1t)(B1oy +2B1B20tUdy)
D} witha =2
X3 with B =28
17 0 B #0 AE(Ln), 0}, X&°
BoU? Q4 with@ = 2, Dy,
3U + 2/3201U3V
18 0 B2B20 # 0 AE(L.n), Q) withe = >
BV + BrU? X3 with B = o, Udy +2Vady
— _ B
R, with o = 3
19 Bi BB #0 AE(1.n), Q};,,X?
,3201]2 Doy = Dgo +2U 0y + 6V oy

d + 2f0t (U . %lz) Ay
Udy +2Vdy — Bi oot (U - @—lz) dy — Pitdy

20 B Bi1B2B20 # 0 AE(1.n), Q}st = exp(Bat) Q,]st
B2V + BrU? X3 with f = B,
B20u — 2P0 (U + g—;) dy
21 B Br—PB2#0 AE(1.n), Q};,
BV + Bagexp U B #0 XZO with 8 = f»
dy + Voy
22 0 B #0 AE(Ln), 0}, X&°
,520 exp U D()l, 3U + V3V
23 Bi BB #0 AE(L.n), Qp;, X§°
Bo1U + BapexpU 8U+V3v+/321t(1+ﬁ2—'t—U)av
24 BirexpU Bia #0 AE(L.n), X§°
(B2 —2ap1U) expU D}WO with yp = —1

Remark 4. It was found that case 10 in table 6 of [1] admits a generalization by setting
F = BilogV, G = B,V* [8], where the constants 818, # 0 and @ # 1. Simultaneously the
operator of scale transformations takes the form
2Bt
vav) 2P

M —a)

1
Dg =2t P +x, Py +2 <U3U +1
-«
Moreover, we have found that case 13 in table 6 of [1] admits a generalization by setting
F =0,G = g(U), where g(U) is an arbitrary function.

It is worth commenting on the systems and Lie algebras listed in table 1. One can note
that when A; = X, no new representations of the Galilei algebra AG(1.n) and the pseudo-
Galilean algebra AG(1.n) are admitted by system (1). However, there are new extensions of
these algebras that system (1) with A; #£ Ay, AjA2 #% 0 does not admit. Case 1 (see table 1)
represents an RD system that is invariant under the generalized Galilei algebra AG(1.n) with
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a new representation, in that it contains the projective operator IT which cannot be reduced to
standard form (cf case 3, table 1 of [1]). Note that this RD system and its MAI were found in
[6] for the first time.

Case 2 is a system admitting an absolutely new algebra AG9(1.n) = {AG(1.n), Y, }.
This algebra and AG,(1.n) have the same dimensionality but are to be regarded as distinct
algebras because the AGg(l .n) algebra contains no projective operator IT.

The systems listed in cases 3, 4, 12 and 13 are invariant under the algebras {AG(l .n), Yf}, },
{AG(1.n), Q) }. {AG(1.n), Y'?} and {AG(1.n), Q}?}, respectively. These algebras are new
representations of those listed in cases 4 and 5, table 1 of [1]. Similarly, cases 5-7 represent
systems that are invariant under Lie algebras which are new representations of the AG(1.n)
algebra extensions listed in cases 7-9, respectively, of table 1 of [1].

Cases 8 and 9 are systems with absolutely new algebras of Lie symmetries, in that they
are extensions of AG(1.n) by two operators. In other words, they represent pseudo-Galilean
analogues of AG,(1.n) and AG9(1.n).

Cases 10 and 11 are systems admitting the extended Galilei algebra AG(1.n) with two
new representations of the operator of scale transformations.

Finally, cases 14-16 are systems that are invariant under Lie algebras which are new
representations of those listed in cases 7-9, respectively, of table 1 of [1].

The nonlinearity V2/U occurs in a number of the above cases, so it worth noting an
(albeit rather contrived) application of such an expression. We focus for definiteness on case 1
of table 1, though others can be derived in a similar framework. Consider a surface on which
the proportion of unbound reactions sites, to which a diffusible chemical u can bind reversibly,
is 6. A second diffusible chemical v acts as a catalyst in the reaction

a+v—>u+v

where the concentration A of a further chemical a (with similar notation for other species) is
held fixed, while v can undergo a reaction of the form

2v—>b
at the above-mentioned reactions sites. A simple mathematical model for such a process reads
0, =ki(1—0)— k60U

Ui =AU +ki(1 —0) — k60U +k3AV (51)
V, = AV — k,0V?
where the coefficients ki, . . ., k4 are positive constants.

If k1 and k, are sufficiently large then the quasi-steady approximation 6 = k;/(k; + ko U)
holds and if in addition U >> 6, the system (51) reduces to

{U, = AU +k3AV

— kik. 2
Vi=AV — k1+]k;UV :

Evidently system (52) is reduced to case 1 in table 1 by the local substitution k; +
sz — U.

Not surprisingly, a number of the systems are more conveniently expressed in terms
of the complex quantity ® = U + iV (this is a special feature of dealing with a pair of
equations, (2)), so that, for example, table 2, case 5 takes the form of the complex equation

P, = AD + (1 — i) |PI** exp(—yap arg D) — B (y — D). (53)
Such equations with y = 0 are very familiar in the literature (see the next section for details)
and are of interest for their blow-up properties, for example. Other nonlinearities arising in

the tables as special from the Lie symmetry point of view are also of interest for other reasons,
but we shall not labour the point here.

(52)
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3. Lie ansiitze and solutions of the A — w RD system (3)

Consider the A — @ RD system (3) in (1+1) dimensions, i.e.

{U, = Uy + p*(B1U — B2V) + BroU — BV
V, = Vxx + ,Ocm(,BzU + ,3] V) + ,320U +,310V

where o8 # 0 or apB2 # 0. In a widely used notation (see, e.g. [2], chapter 12) this
corresponds to A(p) = B1p% + Bio, @ (p) = P2p* + Pao, p> = U?+ V2. The system (54) with
oy = 2 has been extensively studied (see [2] and papers cited therein) since it is a plausible
model for certain biochemical reactions. Here we apply the algebraic-theoretical approach to
the investigation of (54).

It follows from theorem 1 and remark 2 that there are three types of Lie algebra that can
be admitted by this RD system. The relevant basic operators are (i) P, = 9,, P, = 0, Q(l)2 =
Udy — Voy and Dag = 2t0; + x0, — %(U&U + Vay), if Bio = B2 = O (see table 2, 4 with
y = 0); (i) P, P, Q)*. D2 = Do, — 220t Q7. if Bio = 0, oo # 0 (see table 2, 5 with
y = 0); (iii) Py, Py, Q3% if B1o # O (see table 2, 2).

We aim to construct the Lie ansitze and seek exact solutions in each of these cases. For
such a purpose it is convenient to change the variables (U, V) to the polar variables (p, W)
defined by

(54)

U=pcosW V = psin W. (55)
Substituting (55) into (54) leads to the system

{pt = pux — PWZ+ Brop + B1p™*!

56
W, =W, + 2p_]px W, + ,320 + ,32)00(0' (56)

Remark 5. Using the substitution W — W + By, one can eliminate 85, from (56). However,
we prefer to keep B0 # 0 so the results can be applied more directly (the nonlinearity
w(p) = Brp™ + By is more widely applicable than that with 8,y = 0).

It is easily shown that the operators listed above have the form

P, P, 0 = dw D, = Dq, — 2010w (57)
in polar variables, where Dy, = 210; + x0, — O%p(‘)p. According to the usual procedure, to find
the similarity reductions it is necessary to solve the Lagrange system

dZ dx  dp  dW

£, x) &@x) n'@txp  n(x)
where £°, £!, n', n? are known coefficients of the infinitesimal operator X, which is given by
a linear combination of the relevant operators listed in (57).

In the general case (iii), a full set of non-equivalent Lie ansiitze can be constucted by
solving (58) for the operators

(58)

X, = Py +yowy Xo =P +vP, +ydy X3 = oy Y,V € R. 59)
In the first two cases there is the additional Lie ansatz generated by operators

XY = Dy, + ydw (60)
and

X4 = D2+ ydy (61)

respectively.
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Consider the algebra X; which generates the ansatz
p = (1) W=vy@) +yx. (62)
Using (62), we can reduce system (54) to a system of ODEs
{fﬂt = (Bio — ¥ + Brp™*!
Ve = Bao + frp™

for the functions ¢(¢) and ¥ (). This system can be integrated and its general solution has the
form

(63)

Vi-p 1/ao
I N e 1 R
(1) = I:ﬂlﬂ‘oexp[(}’z—ﬂlo)aot]] ¢ €R

() = (Bao+ 27> = Buo) ) 1 = 2 Inly + coexpl(v? = Bro)or .

So, substituting (64) into ansatz (62) and taking into account (55), we arrive at an exact solution
of the & — w system (54):

1
— ¥> =B 0
Ut x) = I:ﬁlﬂ‘u eXP[(VZ—ﬂlo)Olol]:I

(64)

X €08 [Vx + yot — % In|B1 + coexpl(y? — ﬁlo)aof]l]

Vt,x)= [_ y*=Buo :|$

Bi+co expl(y?—Bio)o?]

(65)

x sin [y -+ ot = £ 1By +coexpl(r? — Pyt

Brag

where co, ¥y € R, o = B + %(V2 = Bi10), ¥* — Bio # 0, B1 # 0. In the case B; = 0, the
solution

U, x) = coexpl(Bro — )l cos [ yx + Baot + il explan(Bro — v2)11]

aO(:li;V_) (66)
V(t,x) = coexpl(Bro — y2)elsin [y + Baot + oo expleto(Bro — )11
is obtained. Finally, the case y? — Bio = 0 leads to the solution
1
U, %) = leoBilto — 0] cos [/Biox + Baot — 2 nlto — 1]
(67)
1, .
V(%) = @0ty = D17 sin [ VBix + Baot — £ Inlrg — 1]
where 1y € R.
The algebra X, = P, + vP, + y 0y generates the ansatz
p =) W =1v()+yt z=x—ut. (68)
In this case the reduced ODE system for the functions ¢(z) and 1/ (z) has the form
{‘pzz — QU2 + Vg + Bog + Pre® =0 69)
Yoz + 20,0 + 09y, + (Bao — ¥)@ + Prgp™*! = 0.

The system (69) is not integrable for arbitrary coefficients v, i, Bro, kK = 1, 2. However, one
can obtain

Y, = cop” coeR (70)

from the second equation if y = 9, B, = v = 0. Substituting (70) into the first equation of
system (69), we obtain
pdy
xOﬂ:x=/\/ = lo, () (71)

2B1 pap+4 2 _ 2
a0+2¢ Tt ag €o
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if g # —2, and

XoExx =

@ dy
/ = Loy (@)lay— (72)
\/2,31902 Ing +c19? —c3
if oy = 2.
So, assuming the existence of an inverse function /, ! to the Iy, (see (71) and (72)) and

using (68) with y = By, v = 0 and (55), we arrive at an exact solution of the A — w system

(54
{U = I (x0 £ %) cos(¥ (x) + Baot) )

V = I, (xo £ x) sin(¥ (x) + Baot)
where
dx
Y =c [ —————  x.cek
[Ioz) xg £ x)]
It should be noted the special case ¢ = Uy = constant, i = constant leads to

U = Uy cos (vA(Up)x + w(Up)t) V = Upsin (v/A(Uo)x + o (Uy)t) (74)
as a solution of (54), where A(Up) = B1U," + Bio, @ (Up) = B2Uy° + Boo. The periodic plane
wave solution (74) is valid for arbitrary functions A and w [2].

Consideration of the algebra generated by operator X3 does not lead to any invariant
solutions because solving the relevant Lagrange system we obtain only the empty statement
p = p(t, x) and not an ansatz involving W.

Consider the algebra generated by the operator X4; see (61). The relevant ansatz is

p=1"""9@)  W=y@+pot+ylnt  z=x/V1 (75)
which leads to the ODE system

{‘pzz — Ul + 50+ o+ Pt =0

. . (76)
OVoe + 200 + 20U, — v + Prp™*! = 0.

Remark 6. In the case of the operator X9, given by (61), one obtains (75) and (76) with
Bro = 0, therefore it is a particular case of the case under consideration.

Unfortunately, the ODE system (76) is not integrable for arbitrary coefficients
¥, oo, Bk, k = 1, 2 but a particular solution for y = 8, = 0, 8; # 0 can be found, namely
202 +ap) 7
o=\
ﬁlaoz

Substituting (77) into the ansatz (75) we obtain as a solution of (54)

Y = —Poto to € R. 77

1
U= [— 2(230‘02)] “ cos(Bao(t — 10))
Biagx N (78)
v =[=22 ] sin(Bao(t — 10)).
Finally, we note that the following formula for the generation of new solutions for 8o = 0
Pnew = €7/%p%(e*(1 — 10), €(x — X0))
Wiew = WO(2(t — 19), €(x — x0)) + Bao(1 — €)1 + o
can be constructed by successive application of continuous transformations generated by the
operators (57). Here (p°(¢, x), WO(z, x)) is an arbitrary solution of (56) with B9 = 0 and
€ # 0, 1y, xo and ¢y are arbitrary parameters.

(79)
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4. Conclusions

The theorems outlined in [1] and above give a complete description of Lie symmetries (i.e. a
full group classification) of nonlinear multidimensional RD systems of the form (1). It has been
established that there are three types of systems of the form (1) leading to essentially different
Lie symmetries, namely: (a) A; 7% Az, LAy Z 0;(b) A; # 0,4 =0;(c) A = Ay # 0.

Sets of local substitutions (namely (19) in [1], (21) in [1] and (7) above) have been found
that reduce any other system with a non-trivial Lie symmetry to the corresponding system
listed in tables 1-6 of [1] and tables 1-4 above.

In contrast to the scalar case, providing a complete description of local substitutions that
reduce a given system of the form (1) to its most simplified (canonical) form is a very difficult
problem, which we shall treat elsewhere. Here we note only that the sets of substitutions listed
above and in [1] are simple in structure and very useful in simplifying several subclasses of
systems of the form (1). For example, in each of the systems

U =AU

V, = AV +g(U) + fl ®0
U =AU+Uf(V)+BnU 81
and
U =AU+pU B # B2 82)
Vi=AV+ 6V +gWU)+ U
containing arbitrary smooth functions f and g, we can set 81, = 0 by the substitutions
U—-U
V— V+ pBtU (83)
U — U exp(Bat)
84
V-V (84)
and
U—-U 85
V-V y (83)
1—h2

respectively. Substitutions (83)—(85) are particular cases of (7).

To give an example of a very non-trivial local substitution (not belonging to the classes
mentioned so far), let us consider the system arising in case 19, table 4. We have found the
substitution

U—U-+pBit
{ - Bi (86)

V =V + BiBat?U + 187 Boot?

that reduces the system to one with 8; = 0. In other words, case 19, table 4 is reducible to
case 17, table 4 using (86). Another new local substitution follows from remark 5.

Having now a complete description of Lie symmetries, we have established that several
RD systems arising in various applications admit non-trivial symmetries. Two of them, a
limiting case (7) in [1] of a model used to describe a biological pattern arising in hydra and the
A — w system (54) have been considered in detail. All non-equivalent Lie ansitze, formulae for
mapping between solutions and examples of non-trivial exact solutions have been constructed
and some of their properties investigated.
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It seems worthwhile to compare our results with those obtained in recently published
paper [7] where Lie symmetries of reaction—diffusion systems with cross-diffusion

{Ut =a AU +app AV + F(U, V)

87
V,:azlAU+a22AV+G(U, V) ( )

are described (here g;; e R, i =1,2j =1, 2).

As we noted in [1], our method of Lie symmetry classification is based on the classical
Lie scheme and on finding and then making essential use of the sets of local substitutions that
reduce any system with a non-trivial Lie symmetry to one given in the relevant tables. On the
other hand, it is shown in [7] that the Lie scheme for the system (87) admits a formulation in
terms of commutator algebras, so the authors adopt a different approach, though, as explicitly
noted in [7], these substitutions were not used systematically.

The first (a) and third (c) (see [1], p 270) types of system (1) are evidently particular cases
of (87) with a;, = ap; = 0. However, the second type (b) (see [1], p 270) cannot be obtained
from (87).

In the case (a), the authors of [7] have compared their results with those obtained in [1].
However, account was not taken of table 6 in [1] so their comments by way of comparison are
valid only in a particular case (that noted in remark 3 above). Although tables II-IV in [7],
representing the main results, are somewhat cumbersome (the nonlinearities and the relevant
Lie symmetries can be essentially simplified) and contain misprints (see also (i)—(iii) below),
we have attempted to compare the results in the case (¢) too, i.e.a;; = axn = 1,a; =a =0
in the system (87). We have established the following conclusions with regard to this special
case.

(i) All nonlinearities listed in tables II-IV [7] can be found either in tables 1-4 or in
remarks 2 and 3. It should be stressed that the sets of local substitutions (19) in [1],
(21) in [1] and (7) above have to be exploited in showing this.

(ii) Several additional Lie symmetry operators are missing in tables Il and IV of [7]. Indeed,
comparing the last subcase of case 4 in table III of [7] with the relevant case, 20 (see
table 3 above), one observes the omission of the analogue of the operator Q,. Similarly,
analogues of the operators Q + U dy (see case 22 with B9 = 0 in table 3), R(}( (see case
4 in table 4) and dy + V dy (see case 22 in table 4) are missing in table III of [7] (see the
second subcase of case 5, case 9, and the last subcase of case 7, respectively). Analogues
of the operator Q(l) (see cases 15 and 18 in table 3) are also missing in table IV of [7] (see
the last two subcases and the first two subcases of case 2).

(ii1) There are several types of nonlinearities leading to non-trivial Lie symmetries in addition
to those in [7]. Case 3 from table 4 needs to be included into table II of [7]. Note that the
relevant system contains two arbitrary functions. Similarly, cases 1 and 2 from table 1,
cases 19, 21 and 26 from table 3 and cases 5, 9, 16, 17, 19 and 24 from table 4 need to
be added to table III of [7] as new cases. One can also find relevant cases in tables 1-4
which are absent in table IV of [7] (for example, cases 6—8 and 10—14 from tables 4).

It should be stressed that a complete description of Lie symmetries of a nonlinear PDE
system containing arbitrary functions of two or more dependent variables is a quite difficult
task. The pioneering works were published only a few years ago. To our knowledge the first
one is the paper [9], where the authors have solved this problem in the case of a nonlinear
system containing a two-dimensional PDE and an ODE, while the paper [1] is the first involving
nonlinear systems of multidimensional PDEs.

Finally, we would like to discuss briefly the next steps in a Lie symmetry description of
nonlinear multidimensional systems containing arbitrary functions. In the case A} = A, =0
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the reaction—diffusion system (1) degenerates into an elliptic system. The complete
description of Lie symmetries for the corresponding two-dimensional elliptic system (i.e.
U =U(xy, x2), V = V(x1, x2)) was performed in [10] and work is in progress for the higher
dimensional case. Similarly, work is in progress for the case of the variable diffusivities D,
and D,, i.e. for reaction—diffusion systems of the form

U, = (Dy(U, V)Uxu)xa +F(U,V)
Vi = (D2(U, V)Vy,), +GU, V)

X,

where summation is assumed from 1 to n over the repeated indices a.

It also seems reasonable to seek a complete Lie symmetry description of nonlinear
reaction—diffusion systems containing three or more equations for unknown functions
Ui(t,x), Us(t,x),...,Upy,(t,x),m > 3. Our experience accumulated in the cases m = 1 [11]
and m = 2 [1] suggests that this is an extremely difficult problem which will be solved only by
the development of a special computer algebra package and its subsequent application, together
with a relevant modification of the classical Lie scheme. Some preliminary investigations
indicate that about 10 non-equivalent systems with non-trivial Lie symmetries arise in the
case m = 3.
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